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PREFACE

The K & E Log Log Duplex Vector Slide Rule hes
all of the acalea of the Log Log Duplex Decltrig Slide Rule
with the exception of scales DI and K which are displaced
to make room for the three scales of hyperbollie functiona.
Cubes and cube roots may be readlly found by use of the log
log scalea; and 1t may be noted in the explanationa given
in the menual of the Log Log Duplex Decitrig Slide Rule,
whlch accompanieas thls booklet, that the DI scale 1s not
easential to the efficlent employment of this rule.

It 13 auggesated to the users of this sllde rule
that they should bescome thoroughly familiar with lts appll-
cation to caleulating processes through thorough atudy of
the instruction manual on the Log Log Duplex Decltrig S1ide
Rule. The latter which 1s nlso supplied with the Log Log-
Duplex Vector Slide Rule, includes a wvery thorough dlacua-
alon of the solutlon of the right trlangle on which wvector
calculations are hased.

This manual on the Log Log Duplex Vector Slide
Rule deamls specifically with the general application of the
trigonometric and hyperboliec acales to vector caleulationsa,
with examples illustrating their specific aspplication to

problema encountered in electrlcal englneering.
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FREFACE

The E & E Log Log Duplex Vector Slide Rule has
all of the scales of the Log Log Duplex Decitrig 31ide Rule
with the exceptlon of scales DI and K which are dlsplaced
to make room for the three ascales of hyperbeolic functlons.
Cubes and cube roots meay be readily found by use of the log
log acalesa; and it mey be noted in the explanatlone glven
in the manual of the Log Log Duplex Decltrig 5lide Rule,
whleh acecompanies thils booklet, that the DI scale 1s not
easentlal to the efficlent employment of thilas rule.

It 15 auggested to the usera of thia alide rule
that they should become thoroughly farillsr with 1ts appll-
catlon to ealeulating processes through thorough study of
the Instructlon manusl cn the Log Log Duplex Decitrig S1lde
Rule. The latter which 13 also supplied with the Log Log
Tuplex Vector 31ide Rule, includes & wvery thorough discus-
gion of the solution of the right triangle on whilch vector
calculations mre based.

This manual on the Log Log Duplex Vector Slide
Rule deals specifically with the general applicatlion of the
trigonometric and hyperbolic aceles to veetor ealeulaticns,
with examples lllustrating thelr apecific application to

problama encountered in electrical engineering.
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PREFACE

The KEE Log Log Duplex Vector Slide Rule haa all of the scalas
of the Log Log Duplex Decitrig Slide Rule with the exception of scales L and
K which are displaced to make reom for the three scales of hyperbolie fune-
tions. Cubes, cube roots and logarithms may be readily found by use of the
leg log scales, as noted in the explanations given in the manual of the Log
Log Duplex Decitrig Slide Rule, which mccompanies this booklet,

It i suggested to users of the Log Log Duplex Vector Slide Rule
that they should become thoroughly familiar with ite application to caloulat-
ing processes through careful study of the instruction manusl on the Log Log
Duplex Decitrig 3lide Fule., The latter manual includes a full discusmion of
the solution of the right triangle, on which vector caleulations are based.

This manual en the Log Log Duplex Vestor Slide Rule deals specif-
leally with the general applieation of the trigonometrie and hyperbolie
scales to veator caleulations, and gives examples 1llustrating their appli-

cation to problems sncountered in elsetrical engineering.

SRT Replaces 3T Scale

Note that all refersncea in the following pages to the ST acale
should now read SRT, sinece the SRT scale has replaced the 5T on the Log Log
Duplex Vector and Log Log Duplex Decitrig Slide Bulea.

The S5RT scale is of great value, because radinne are being used
Inereasingly in modern mathematics and especiaslly in elsetrical and elec-
tronic work, Radians for anglea of any magnitude can be read directly with
the ORT scale. For sine and tangent functione of small angles, the SET acale

operates in exactly the same way as the former ST seale.
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P
THE K & E LOG 1OG DUPLEX VECTOR SLIDE RULE

I
PLANE VECTCOR CALCULATIONS

(8ee mlso Pages 62 to 65 in the Manual of
the Log Log Duplex Decltrig 3lide Rule.)

Flane veotors of the form Ael? = A8, when subject to
processes of additicn or subtraction, must converted into
their herizontal end verticel components,lointly expressed in
complex notation of the form a + Jb, The quentity "a”™ ia the
horizontal component, "b™ is the verticel component and the
symbol j ="V=T,called "operator",indicates that the component
R"b" 18 90¢ in counter elockwise direction from the horizontal
component ™"a" aa shown ln the figure.

The exponentlial form of vectors lenda itself more con-
venlently to the processes of multiplication and division, in-
volution and evolution- Hence when such calculations are to
be performed on complex numbers of the form & + Jb, it 18
necessary to convert them first into the expomentiel fomm.

The following rules of conversion are based upon the
trigonometric relatlionship which exists between the componenta
of the vector forming the asides of a right trliengle, and the
hypothenuse or absolute value of the wveoctor.

{A) CONVERSION OF a + Jb INTO A/8 (See Pig. above ),

Rule: B8et an lndex of the slide to the larger side
"a" {or "b") on scale D. Opposite the short-
er side "b™ (or "a"™) on scale D read angle "@"™ on
scale T. Move slide so as to bring angle "8™ on
acale 5 opposite the shorter aide, and at the allde
Index resd "A™ on scale D.

If slde "a™ is the larger side, angle "8" is

amaller than 45°; if aide "a® is the smaller
side, angle "™ is greater than 45e, This should
be taken into consideration when reading angle ™"
oen saale T. In the firast case the hlack numbering
of scaele T is used, whereas in the second case the
red numbering of scale T is used.



Example 1:
Find the vector value of 4 + J3.

The verticel component is amaller than the horizon-
tel component, thersfore angle 8 { 45,

Te 4 on acale D set right slide index.

At 3 on scale D read & = 36.87° on acale T.

Move 36.87¢ on scale 8 to 3 on scale D.

At s8lide index read A =5 on acale D.

Hence 4 + J3 = 5/36.87¢

Exemple 2:
Find the vector value of 3 + J4.

Here the vertical component is greater than the hord.
zontal compconent, therefore angle 8 ) 45+,

To 4 on acale D set right slide index,

At 3 on scale D read & = 53.13* on scale T.

Move 53,13 on scale S (red) to 3 on scale D.

At s8lide ipdex resd A =5 on scale D.

Hence 3+ J4 = 5/55,130

Example 3:
Find the wvector value for 9.68 % j6.%.

8 { 45°,

To 9.68 on scele D set right slide index.
At 6.9 on scele D read @ = 35.5° on scale T,
Move 35.5* on scale 8 to 6.9 on scale D.
At slide index read A = 11.9 on scale D.

Hence 9.68 % j5.9 = 11.95: a5, o

Oxample 4;
1.81 + JO.08.

8ince, E'gi ¢ 0.1, the angle "8" can not be read on
scale T, but will have to be read on scale 3T.

To 1.91 on scele D set left slide index.

At 0.05 on Bacale D read 8 = 1.5 on scale ST.

With the vector angle so small, the difference be-
tween the numericel wvalue cf the vector, "A"™, and the horl-
zontal component will be so small that

1.91 + J0.05 = 1,91/1,.5°

for all practical purposes,
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A more accurate walue of "A" is

0.5 bé
a

A =g+ when b € a, and

0.5 af

A=hb + when b ) a.

Thus for the preceding example we have

P
A=1.91 + °'51 g-“ﬁ = 1.910654.
-

Example 5@

(red),

0.085 + J1.49.

Hinua,ulégg Y10, the angle ™6™ can not be read on scale T
end ita wvelue will have to be found on scale ST sa followa:
To 1.49 on seale D set left slide index.

At 0,085 cn sacale D mead £.5° on scale 8T.

§0¢ - 2,5 = @ = B7,5°,

Since, 1.49 1 comparatively large with respect to 0.085,

it follews that for all prectical purposes

0.065 + J1.49 = 1.49/87,.5¢,

More accurataly we get

2
A= 1.40 + 222000080 _ 5 402428,

(B) CONVERSION OF A/@ INTO & + jb.

Given Aed® = A8, rind a + b,

The complex expression for A6 1s (A cos @ + JA sin 8).

Since scale D plves ain @ for wvalues of "8" on scale 8 (black).
end cos @ for velues of ™67 om scale 8 (red), the above notation
can be cvolusted by one setting of the scmles 8 and D.

Bule: To "A"™ on scale D set an index of the alide,

At ™8" on scale 8 (black) resd the vertical
or imaginary component, and at ™8™ on scele 3 {rad!
read the horizontal or real component.

Example 6:

Pind the complex number equivalent to 5/35,87e.
To 5 on scale D set right slide index.

At 36.87° on scale S (black) resd b = 3 on scale D.
At 36.87* on scale 8 (red) read a = 4 on scale D.

Hence 5/38.87° = 4 + J3,
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Example 7:
Find the complex number equivalent to 11,9/-54.5e.
To 11.9 on scele D set left slide 1index.
At 54.5° on scale 3 (bleck) read b = 9.69 on scale D.
At 54,.5° on scale 5 (red) read & = 8.91 on semle D.
Hence 11.9/-54.% = 6.91 - j9.89.
Exampla 8:
Find the complex number eouivalent to l.83/2.8=,
To 1.83 on scale D set left slide index.
At 2.5 on scale 8T read b = 0,07%8 on scale D,
For sll practical purposes
1.53,:2:5' = 1,83 + jO.0798.

As under the previous article we can find & more ac-
curate value for "a" by the following formula:

2
Sy 0.5 b
A _ 0.5 x (0.0798)2
e 1.83

=18 - 0,00174 = 1,82828

ILLUSTRATIVE APPLICATIONS

1. A clrcult consists of a resistance of 7.46 chms,
in serles with an inductive reactance of 3.4 ohms. What ias
the vector impedance of the cireuit?

Z=7.46 + J3.4 = B.2/24,5* vector ohms,

2, OCaleculate the vector impedance of a ciroult which
consists of a resistance of 0.795 ohms in series with a capaci-
tive reactance of 1.25 ohms.

Z=0.795 - jl.25 = 1.48/-57.54¢ vector ohms,

3. A eircult consists of a realstance in parallel
with a capacitance., The measured current in the resistance ia
10.5 amperes, and that in the capacitance is 5.7 =zmperea, What
ia the totel current in the cireuit? What is its +time phase
with respect to the difference of potentlial impressed wupon the
ciroult? What i3 the power factor?

I=10.5+ 5.7 = 11.95/28,5° vector amperes.

The time phase ia 28.5° leeding.
The power factor is cos 28.5+ = 0,878,
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4, A elreuit consists of e conductance of 0.0868 mhos
in parsllel with a practically pure inductive susceptance of
0,0872 mhoa, What 18 the vector admittance of the cirouit®

Y = 0.068 - J0.087 = 0,1105/-52¢ wector mhos,

5., The sttenuation conatant and the wave length con-
stant of No.l0 A.W.0. dry core cable at BOO eyeles frequency are
a = 0,0388 end B8 = 0.0559 hyperbolic and circular radiana, re-
spectively. What is the propapgation constent of the linef%

P=a+jb=0,0366 + JO.0550.

= 0.,087/58,8°,

6. The vector impedence of m cirouit is 7.9/85.5° ohma.
Celoulete its resistlive and reactive conponents,

7.9/85.5° = 7.13 + §3.4.
Hence r = 7,13 ohms and x = 3.4 ochma.
7. 'The admittance of & parallel cireuit 1= D.ﬂﬂﬁﬁﬁ-ﬁi.ﬁ*

vector chms. Onlculate the ccnductence end susceptance of the clIr-
oult.

The conductance ls: g = 0,0955 cos (-31,5°) = 0,0814 mhos,
end the susceptance is: b = 0,0985% sin {-Ei.ﬁﬂ} = =0.0499 mhos.
The complex expresslon g-jb = 0.0814 - JO.049%

for the admittance ls :

B. The wvector propagation constant of & certain trens-
misslon line 1=

p = 0.065/56.5°.
Caleulate the attenuation and phese constant.

The ettenuation oconatant is:

a= 0,085 coa 58,5 = 0,03585 hyperbolie redlans.

The phase constant 1s:

B = 0.065 gin 56.5° = 0.0542 clrculer redlans.
The wave length constant ls ldentlical to the ﬁhaae constant ,but ia
ususlly expressed in degrees. Its velue for the given line ia:

0.0542 x 57,3 = 5,11,
(One redian = 57.3¢),
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HYFERBOLIC FUNCTIONS
{£) THE HYPERBOLIC SINF AND TANGENT SCALES

l. Since for all prectical purposes =inh x = x, and
tanh x = x, when x { 0.1, scale D givee tin sinh x and tenh x
direotly for eny wvelue of x { 0.1.

2, 3Scale D in conjunction with scmle ghl glves the
hypertolic sines of hyperbolic engles x for any value between
0.1 ¢ x { 0,882, Thus for x = (,515 set indicator on 0,515
scale 3hl sod real 0.538 = sinh 0.515 on scale D.

8imilarly: sinh 0,645 = 0,69
ginh 0.1945 = 0,1858
sinh 0.273 = 0.278

Conversely, scele Shl givee the hyperboliec angle x
corresponding to #inh x between values of 0.1 and 1.0, Thus
for slnh x = 0,758 on D, read x = 0.7 on 8hl s=cale. For
ginh x = 0,249 on D, read x = 0.2466 on 3hl.

3. Seale Sh2 in conjunetion with acale D glvea the
hyperholis eangle "x" for values of alink x between wvalues of
1l and 10 as read on scale D. Thus for 1,592 = ginh x aep read
on soale D, we get x = 1.245 on scale th2, Conversely, scala D
glves the corresponding values of sinh x for values of "x" be-
twoen 0,852 and 3.0 on scale ShZ2, Thus for x = 1,745 on poale
8hE, read sinh x = 1.598 on scele D,

8imilarly: sinh 1,465 = 2,085
sinh 1,875 = 3,18
sinh 2.24 = 4,64
sinh B.95 = 9,53

For:sinh x = 5.1 on D read x = 2,332 on Shi2,
ginh x = 4,35 on D read x = 2,176 on Sh2,
girh x = 1,84 on D resd x = 1.3¥ on Sh2.

4, Scale Th gives the hyperbolie angle "™x" for val-
ues of tanmh x between 0.1 end 1.0, and conversely scale D gives
the volues of terh x for wvalues of "x" between 0.1 and 3.0.
Thus for x = 0,175 cn scale Th, we read C0.1723 on scele D.

For valuse of "x" larger than 3.0, the hyperboliec tangent 1s
subetantinlly equal to 1.0.

Similarly: tenh 0.224 = 00,2208
t-ﬂ.tlh 9.435 | ﬂ'.lﬂﬁ
tenh 0.94 = C.735
tanh 1.45 = 0,895
tanh 2. = 0,964
tanh 3. = 0,995
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For: tanh x = 0,785 on D, read x = 1,085 on Th
taph x = 0.52 on D, reed x = 0.578 on Th

temh x = 0,137 on D, read x = 0,138 on Th

(B} EVALUATION OF THE HYPERBOLIC COSINE

The hyperbolic cosine of any real number x, may be ob-
tained by any of the followlng formulas:

= Binh x
cosh x _t.unh e (1)
-1,’1 + sinhox (2)

4 sinh x B
sin [tan-1 (sinh x]]

or (3}

Pormula (1) is beet suited for slide rule calcula=-
tion, and the wvalue of cosh x, can be obtained at
a single setting of the sllide,

Rule: 8et an index of the slide to "x" on acale
Th. Move indicator to "x"™ on scale BShl

or Sh2 end read cosh x on scale 0, on the
reverse side of the rule,

Example :
Pind cosh 0.662
Set left index of slide to 0.862 on scale Th.

Move indicator to 0.8682 on acale Shl and
read 1,227 = cosh x, on Bcale 0,

Example:
Find cosh 1.57.
8et right index of slide to 1.5%7 on seale Th.

Mcve indicator to 1.57 on scale ShE and
read 2.508 = cosh x, on scale 0,
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HYPERBOLIC FUNCTIONS OF COMPLEX NUMBERS
(A) VECTOR EGUIVALENTS OF =inh (x + J8).

The hyperbollc sine of a complex number is a com-
plex number,

jlcosh x 8in B

ainh x cos @

Thus ginh (x + j8) = (sinh x cos @) + j{cosh x 8in @), (1)
The vector value of this expression is, therefore

sinh (x + 18) = A/B. y (2)

ginh x cos @

where A = e (3)

or A= Voinn® x + sin® @ (4)
L g
- tar s y) ()
- covi|—pamx ) )
= got~l{tanh x cot @) (a)

The numerical wvelue of "A™ may be determined through
the relations glven either by equation (3) or (4). Any of the
last four equaticns may be used to determine the angle "B ™ of
the function either directly, or through alide rule operation.

8ince the walue of the angle "8" which entera into all
the above expresalona, is frequently stated in terms of rudienas
when used in unmjunotlnn with hyperbolic functions of complex
numbers, it is essentlal that thia angle be first converted into
degreeas, The conversions may be performed easily and quickly by
setting 180 on OF to v on DF. (See Pages 59 and 60 in the Manual
of the Log Log Duplex Decitrig 31ide Rule).
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the Numerlical

Eguatien (3) indicstes that the numerical wvalue of ainh
(x + J8) cen be obtoined eaasily, provided that the angle "A "
of the funotion is determined first. The operetion consists
of a aimple multiplication and division with the wuse of the
8h, 8 (red), and D scales as follows:

To "x" on scale Shl or Sh2 as required, set "2 "
on scale 3 (red).
Opposite ™8" on scale 8§ (red), read ™A™ on scale D.

If in doing thfh, the angle ™8™ is beyond the index of the
rile body, exchange slide indexes and read ™A™ on D, ap=-
poalte "6" on 8 (red).

Equation (4) indicotes thet the numerical walue of mA™
Loy also be thought of as the hypothenuse of & right triangle
whoan sides are sinh x and sin ©,

For slide rule operation it may be written
A =pginh x + J sin & (4m)

The numericel value of the function may thus be calcu-
lated in a manner similar to that of a plane vector ams ex-
plained in sectlicon I, This method does not demand that the
angle "A" of sinh (x + j8) te caloulated first., It has the
further edvontage that it can be remembered easily. We must
bear in mind, however, that the auxiliary angle that enters
into the caleulation of "A™ by this method, is not the engle
of the vector "AY. SR

Whichever method is used to determine the wvalue of "A",
it is evident from eguation (4) that its value is alwavs
larger than the largest of the two terms under tha raﬁinul.

us for sinh fﬁJEEE + J10.5°], for instance, the value of

"A™ 18 larger then sinh 0.256 = 0,259, while for sinh
(0,256 + J20°), the value of "A"™ is larger than ain 30° or 0.5.

It appears from what has Just been sald that a casual
comparison of the nitudes of the two terms under the
radical of aquatio:u?él is useful in locating the decimal
in the resdipg of the value of ™A™ on scale D.
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2. 1] ti the le " m
af ginh (x + N

Bquaticn (5) indlcates that we may think of tan @ and
tanh x, in thelr reletionship to the engle "B " .as the saides
of & »ight triangle with "8 "™ as the sngle between one of the
gides and the hypothenuse of the triangle:

/B = tenh x + ] ten @

It should be fully realized that Iin equation (5a)we are
coneerned only with the angle "B87", and not in the numerical
value of the epparent vector relation befween the tenh x mnd
tan 8.

From what has Just been sald, it follows that the slide
rule method for obtaining the velue of the angle "8" of
ginh (x + J8) is fundamentally identical to that of obtalning
the angle of & plane vector as explalined in seetion I provid-
ed that, instead of "x" and ™8", tanh x and tan 8 wera known,
Thus we may obtaln the angle '.d" for all values of "x" and
"g" by first obtalning the values of "a™ and "b™ correapond-
ing to tanh x and tan & respesctively, on acale D, Set slide
index on the larger component on scele D, and reed the angle
n@" gn scale T over the smaller component. This is the
moat direect method for obtaining the angle "8 ",

Example 1:
Evaluate "8 " of sinh (0.256 + j10,.5¢).

Soluticn: tanh 0.256 = 0,25
tan, 10.5¢ = 0,185

To 0.25 on scale D set right sllde index
Move indicetor to 0,185 on scele D aend
reed "B " = 36.5% op scale T [black).

Yery definite end simple rules which eliminate the
necessity of escertaining first the walues of tanh x and tan @
and based upon the above method ere formulated below,

It should be cbhasrved from equation (3) in its rela-
tion to the tangent scales 8T, T (black) and T (red),that -the
angle "f ™ of the sinh function may be smaller than 5,75¢, in

(5a)

which cese it must be read on scale ST; it mey alsc he between

£.75 gnd 45° on scele T (black):; or it may be larger than 45e
on scale T (red). Furthermore, the value of angle "8" may
glsc be on any of these three seales, It is therefore import-
ant to determine a method for ascertaining the scale on which
the engle "B " should be read.
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The following cases may ocour:

CASE 1, O ( 5.75°; BS 5.75°,

Since tanh x { 1 and 0,01 ten 8 { 0,1, it follows
that 0.01 { tan ﬂ £ 1. The angle "S™ may be,therefore either
areller or grester than 5.75°, end thus lie either on scale ST
or on scale T (black). It 1s just equal to 5.75° when

tan & = 0.1 tanh x. Hence with slide and hgﬂi matchnd,
tan & ( 0.1 tanh x when "8" on scale of nxw
on goele t-hﬁ 11 B E.75e BEOEH 'Iin read on ﬂin scale o
A i an 'ﬂ' is to Co _Bo
tua.n 83 0.1 tnnh x , Bnd the angle B 3 5.%- ahauﬂ‘@:ﬂ

soale T (black).

Another way of steting this ias as follows:

8et indicator over "x" on aAcele Th, and move "8" on
soale ST under lndicator. If slide protrudes to the right,

{ 5.75°, and should be read on scale 3T. If the slide pro-

trudes to "‘h.B left, » 5.75°, and should be read on acale
T (black).

To determine the value of the angle ",

To "x" on scale Th, set "8" on soale ST. At bedy in-

dax rﬂad "g"™ on 37, i alide protrudes to the right; or on
scale T (black), if slide protrudes to the left.

Example 23
Evaluate einh (0.216 + J3.5).
To find the angle "B ":
Note that 8 = 3.5 is to the right of 0.216 on scals Th.

To x = 0.216 on scale Th set @ = 3.5* on scale 8T.
At body index read 8 = 16® on T (black).

To find the numericel velue of the funetion:

To x = 0.816 on scale Shl set B = 18° on scele 8 (red)
Opposite 3.5° on scale S (red),read A = 0.286 on scale D.

Hence sinh (0.216 + j3.5¢) = 0.228/18¢,
Example 3:

Evaluate sinh (0.6 + J2.5¢).
To find the engle "8 ":
Hote that 2.5 on scuale ST 1s to the left of 0.6 scale Th.

Te x = 0.6 on scale Th set 8 = 2.5 on scale 8T.
At body index read B = 4.88° on socale ST.
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To find the numerical wvalue of the funotion:

To x = 0,6 on scale Shl set B = 4.66° on scale 8 (red).
Opposite 8@ = 2.5 on scale 3 (red)
read A = 0.638 on scale D.

Hence sinh (0.6 + J2.5°) = 0.638/4,66°,

The above exemple showa that for all practicml purposes, when
both ™6™ and "8 " are less than about 5°, the numerical wal-
ue of the sinh function of a complex number 18 substantially
equal to slnh "x".

CASE 2. 5.75° ¢ 8 { 45°; B & 45¢,

Since tanh x ¢ 1 &and 0.1 ¢ tan @ ¢ 1, it follows that
0,1 { tan B ¢ 10, The angle "8 " may be, therefore, either
smaller or greater than 45°, and thus lie either on scale T
{black) or on acale T (red). The angle "B " ia just equal
to 45« when ten 8 = tanh x. Hence with slide and body match-
ed, tan @ { tenh x, when ™8" on scale T (black), é. on the laft
of "x" on scale Th, Consequently, the angle { 45° should
be read on scale T (bleeck). When angle ™8" 1a to the right of
"x® on scale Th, tan & » tanh x, and the angle ﬂ ) 48 gphould
be read cn scale T (red).

It follows, therefore, that the rule given under QCase 1
holds elso for Case 2. If with angle "6" on scale T (black)
ovar "x" on scele Th, the allde protrudes to the right, the
angle 8 { 45° should be read on scale T (black); and 1if the
alide protrudes to the left, the angle B 3 4%¢ should be reesd
on scale T (red).

To determine the value of "_B", we must firat ascer-
tain whether it 1s smaller or larger than 45¢,

(Ba) 5.75° ( @ { 45* and 8 ¢ 45=,

To "x" on scale Th, set ™8™ on scale T (black).

Opposite body index remd "8 " on scale T (black).
Example 4:

Evaluate sinh (0.256 + J10,.5°).
Bolution:

To x = 0,856 on seale Th, set @ = 10,5 on scals T (black)
+ A%t body index resd B = 38.5* on T (black).
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The numerigal valus of the function is obtained by the rule set
forth in section (A) 1. Thus

To x = 0.2568 on acale Shl set 8 = 36.5° on acale S5 (red}.
Opposite 8 = 10,5 on scale 5 (red)
read A = 0,518 on soale D.

Hence sinh (0,266 + J10.5°) = 0.318/36.5¢,

Example 53 -
Eveluate sinh (1.28 + J30.5¢).
Bolution:

To x - 1.88 on scale Th, set @ = 30.5° on scale T (black].
Opposite body index resd B = 34.5° on scale T (black).

d find the numerical value of the functlon:

To x = 1,28 on scale Sh2 sat.ﬂ = 54 5 on scale 3 (red)
Oppoaite @ = 30.5° on scale 8 (red)
read A = 1.735 on scale D.

Hence sinh (1.28 + }30.5¢) = 1,735/34.6°.

Hxample ©:
Evaluate sinh (0.505 + j20e),

Bolution:
To x = 0,505 on scale Th, set @ = 20® on soale T (bleok).
Opposite body index read B = 38° on scale T (black).

To find the numerical wvalue of the function:

To x = 0,505 on seale Shl set 8 = 38° on scale 5 (red),
Opposite @ = 20° on scale 8 (red).
read A = 0,628 on scale D.

Hence sinh (0.505 + j20¢) = 0.628/38¢,
(8b) 5.75° ¢ @ { 45° end B ) 45,

To cbteln the engle "B " for this cease: with slide and
body matched, set indicator over "8™ on scale T (black), move
left slide index under indicetor and cpposite "x™ on scale Th
read "B " on T (red).

Another method which mey be used to advantage is as fol-
lows :

Te "x" on scale Th, set "6" on scale T (black). At
8lide index read cot on scale D. Opposite this reeding on
scale C, read angle f on T (red).



Example 7:

Using the

Evaluate sinh (0.43 + J30.5¢).

With slide matched to body, set indicator over
8 = 30,5¢ on scale T (black).

Move right slide index under indicator,
Opposite x = 0.43 on scale Th,

read B = 55.47® on scale T (red).

pegond rule:

To x = 0.43 on soale Th set @ = 30.5° on scale T (bleck).
At slide index read cot B = 0.88B,

Opposite 0.888 on scale O

read B = 55.47° cn scele T (red).

To find the numerical wvalue of the functlon:

le B:

Daing the

Tg x = 0,45 on scale Bhl set 8 = 55.47¢ on scale 5 (red),
Opposite @ = 30.5° on scale 5 (red)
read A = 0.674 on scale D.

Hence sinh (0.43 + J30.5°) = 0.674/55.47e,

Eveluate sinh (0,17 + J35°).

wWith slide index matched to body index, set indl-
ecator over 8 = 35¢ on scele T (black].

Move right slide index under indicater,

Oppeosite x = 0.17 on scale Th

resd 8 = 76.47¢ on moals T (red).

segond rule:

To x = 0,17 on =cale Th, set 8@ = 35° on scale T (bleck).
At slide index read cot B = 0,2405.

Oppoalite O.2405 on scale C

read B = 76.47° on scale Tlred).

To £ind the numerical value of the function:

To x = 0.17 on scale Shl, set B = 78.47¢.on ascale 3 (red
Oppoalte 8 = 35° on scale S (red)
read A = 0.598 on scale D.

Hence sinh (0.17 + J35¢) = 0.598/78.47°,
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GASE 3. @ ) 45°; B ) 45-,
Referring to equation (3) it 1s seen that since
tanh x ( 1 and tan 8 ) 1, the angle of the sinh function

will elways be larger than 45 and should be read on acale
T (red).

The method of obtaining "B™ is:

To right body indax set "8" on scale T (red).
At "x" on scale Th read "B " on scale T (red),

Another mechod which may be used is as follows:
S3et slide index toc "x"™ on scele Th

Opposite ™@8* on T (red), read cot on acale D.
Opposite thls 7olue on scale ¢, read "A™ on T (red).

Exrsmple 9:
Evaluate sinh (0.68 + J&2+).
To right btody index set "8" = EP° on scale T (red).
Oppoalte x = 0,68 on scale Th
resd B = 72.54¢ on scele T (red).
To find the numerical velue of the function:
To x = 0.68 on scele Shl set B = "2.54* on scale 8 (red).

Wo find that @ = B° on scale 5 (red) 1s beyond the right index,
therefore exchange indexes and

At 8 = 62° on S (red), read A = 1.147 on escale D.
Hence ainh (0.68 + J&2°) = 1.147/72.54°,

Example 10:
Evaluete ainh (0.243 + j53,3+),
To right body index set 8 = 53.3® on scale T (red).
Opposalte x = 0,243 on scale Th
read B = 79.93° on scale T (red).

To find the numerical walue of the function:

To x = 0,243 on scale Shl set 8 = 79,93° on scale 8 (red).
At 8 = 53.3° on scale 3 (red), reed a = 0.839 on scale D.

Check the following examples:-—

Sinh (0.63 + J30.5*) = 0.B842/46.57=,
Sinh (0.17 + J55°) = 0.837/83.289°,
Sinh (1.7 + J1.04®) = E.845/1.11=,
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YE TION

A No. 10 A. W. G, line, whose length 8 = 25 miles ,whose
characteristic impedance at 800 cycles frequency is Zg = T23/-11.1¢
vector ohms, and whose propagation constant is p = ﬂ.ﬂﬂﬂzévl. o
is short olrcuited at the recelving end. COaloulate the sho
ciroult current under the assumption that the dlfference of po-
tential impressed at the sending-end is Vg = 100 volta.

The expresalon for the deaired ocurrent is

S g
For the values gilven above, this expression becomea
100 /0=

3= 7£5/-11.1® x sinh (25 x 0.0292/71.8¢]

Caleoulationa:

p8 = 25 x 0.0298/71.8¢ 18 found as follows:

To C.292 on D set B5 on CI.

At 71.8* on 8 (black) read 0.694 on D.

At 71.8° on 8 (red) read 0.228 on D.
Donsequently

p8 = 26 x 0,202/71.8* = 0,288 + J0.604.
Since 0.694 is in radians, proceed as follows:

To » on DF set 180 on CP.
At 0,694 on DF read 39.78¢ on OF.

sinh pS = sinh (25 x 0.0292/71.8°) = sinh (0.228 + j39.78+¢)
is found as follows:

6 = 36.78° im less than 45°, but greater than 5.75°.
To 0.222 on scale Th set 39.76* on T (black).

Sinece the slide protrudes to the left, 8 is greater than 45
end should be read cn scale T (red).

Set 1lndlcator to right index and match body and
8lids indlces.
At indicator read 74.88s on T (red).

To x = 0.228 on scale Shl set 8 = 74.92¢ on scale 8 (red).
At 8 = 30,76 on scele S5 (red) read A = 0,8680.

ainh (0.BEB + J39,.76%) = D.mi?i.ﬂaﬂ.
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Substituting in the expression for I, we get

lo0/0=
I= 1= x O, 3 =

To 723 on D set right index of 0.
At 0,680 on C read 498 on D.
100/Q=
I = T55/es,02°

Set right index of C to 492 on D.
A% left index of D read 0.2032 on C.

I= G.EJDEEE-&E.BB' veotor amperes with
reference 1ln time phase to the impressed voltage.
(B) VECTOR ENUIVALENTS OF coch (x + j@).

The hyperbolic cosine of a complex number is also a
complex number,

J(=inh x ain &)

a
cosh x ocos @

cosh (% + 18) = (cosh x 208 @) + j(slnh x sin @), (e)
The wvector value of thls expressiocn ls
cosh (x + J8) = Bfa . {10}

ginh x ain 8
where E= ey v g (11}

oT B = |,/|!11:|.11E x + coa® @ (12)

ginh x sin &

=l
sosh X son B tan—+ (tanh x tan @]). (15)

and am= tan'll

ot

(14}
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1. Blide Fule Method for Celculeting the Numerisal e of
cosh (x + JBT,

Equetion (11) shows that the numerical value of eosh (x + j8)
gan be obtained only after the engle "a@ ™ has been determined, The
process consists, as seen, of a multiplication and a division by
the use of the Sh, 8 (black) end the D ascales, as follows:

To "x" on scale 3hl or ShE as required, set angle "g ",
(Scale ST for a { 5.75° or scale 3 (bleck) for @ ) 5.75e¢).
Oppoalte angle "8™ on ST or 5 (black)

read "B" on scale D,

If in the application of the above rule, the angle "8" is be-
yond scale D, exchenge slide indexea and read "B" on scale D, op-
posite angle "8™ on soale ST or 8 (black).

Equetlion (12) shows that the value of "B" may also be consid-
arad as being the hypothenuse of & right trlangle whose sides are
ginh x end coe €. For slide rule caloulation the expression may
be written

B=ginhx + § coa @ (12a}

It follows, therefore, that the valus of "B™ may be computed
in & manner similer to that of & plane vector as explained in
aectlon I. This method haa the advantage that the angle "a®
of the cosh function need not be caleoulated firat, and that 1t
can be remembered easily. It must be kept in mind however,that
the muxiliery angle that enters into the determination of "B" by
thia method 18 not the angle of the vector "B",

Irrespective of what scheme is used to determine by alide
rule method the walue of "B", equation (12) shows that "B" 1ig
alwaya larper than the largest of the two terms under the radil-
cal. Thus for cosh (0.256 + J10®) for example, the wvalue of
"B" 18 lerger than cos 10e, while for cosh (0.256 + J80¢) the
value of "B" fa larger than sinh 0.256 = 0,238, It follows
therefore, that & comparison between the magnitudes of the two
members under the radieal of enustion (12), will facilitete the
logation of the decimal point in the reading of the value of
FE® on scale D,

Expressiona (14) and (15) form the basis for the calecula-
tion of the angle "a ™, in a manner essentially the same as the
determinetion of the angle of a plane vector from the value of
its two right-angle components. The componenta in this case
are tanh x and cot 8.



Since the angle "a ™ may have any value up to 90¢, it is
necesasary to escertelr the eonditions which determine whether
it should be reed on ST, T (bleck) or T (red). This will de-
pend largely upon the value of cot 8,amd, consequently,upon the
T scele on which the angle ™8™ appears. We may have therefore
the followlins three osses:

CASE 1. @ { 5.75*; a { B5.75%,

Referring to equation (14), it is seen that since
tanh x ( 1 and cot 8 ) 10 for all values of & ( 5.75°, tan a
is always smaller than 0.l. The angle "a ™ ia therefore lesa
than 5.,75¢, and should be read on scale 8T.

To determine the engle "a *:
To the right body index set "™@" on scale 3T.
At "x"™ on scale Th read angle ™g "™ on scals 87T.

If "x" 18 beyond the slide index, it indicates that the angle
a { 0.57. In such a cape:

To the left body index set ™8™ on scale ST.
At "x" on scale Th, read angle "a ™ on ascala 3T.

It 1a important to note that in thils cese scals 3T
glvea the values of the angle @ between 0.057¢ to 0.57e, (%)

Example 11:
Evaluate cosh (0.347 + J4.59),
Te find the angle "a ™:

Opposite right body index set 8 = 4.%¢ on scala 38T,
At "x" = 0,347 on scale Th, read @ = 1.5 on scale ST.

To find the value of "B":

To x = 0.347 on scale Shl, set @ = 1.5¢ on scale 37,
(Since @ = 4.5 is beyond scale D, exchange slide indexea).
Oppoaite 6 = 4.5° on scale 8T, reed B = 1.081 on somle D,

(*) Because of certein cmleulations pertaining particularly to the
evaluation of hyperboliec cosines of complex numbera, it 18 de-
sirable that attention be called to the fmct that seale D, in
conjunetion with scale ST alse gives, with s reascnable dagree
of agcuracy, the sines and tangents of angles smaller than 0,575,
Thus it may be used for angles between the limits of 0,0675e
(3.5 minutea) and 0.57* (34 minutes), by considering the read-
inge on this scoale as decimal fractions of a degree. Thus the
mark l®, for sxample should be read in this case 0.l® and the
mark £.5* should be read 0,259, It i3 obvious that scale OI
will give in conjuncticn with scale 5T, read as indieated above,
the cotangent of such amall angles,ranglng in value between
1000 and 100.
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The decimal place was decided upon in sccordance with
the suggestion atated in the precedlns section, that "B" 1=
larger than the lergest number under the radicsl of equation (12).
In this case "B"™ must be larger than coa 4.5¢, i.e: larger than
0,997,

Hence cosh (0,347 + J4.5°) = 1.081/1.5°.

Example 12;
Evaluate cosh (0.21 + jl.5=).

To find the angle "a ™:

To the right hody Index met 8 = 1.5 on scals 3T.
(8ince x = 0,21 on scale Th, is beyond the =1ids,
exchange nlide indexes),.

At x = 0.,P]1 on seele Th, read @ = 0,311l° on scale aT.

To cbtain the welue of "B™:

To x = 0,21 on scale Shl, set 0,31l® on scale 38T.
Opposite @ = 1.5 on scale ST, read B = 1.02 on scale D.

Hence cosh (0,21 + J1.5¢) = 1.02/0,311e,

The decimal polnt in the wvalue of “B"™ was detarmined from
the feot that "B"™ must be larger than cos 1.5 = 00,9997,

OASE 2, 5.75 ¢ 8  45°; a ( 45°,

Referring to equation (14) it is peen that for this par-
tioular cese where tanh x* { 1 and 10 ) cot 8 » 1.0, 1t follows
that the angle "a ™ may hove eny value up to 452, It may thus
be elther on secele ST or T (bleck), depending upon whether it is
spaller or greater than 5.75*, The anglea = 5.75* whan tanh x =
0.1 cot B, Hence when tenh x { 0.1 cot 8, the angle a is less
than 5.75%* and should be read on scale 37: and when tanh x } 0.1

oot 8, "g " is larger than 5,75° and should be read on scale T (black).

KEeeping in mind that cot @ for 5. 752 {( @ { 45* is on
scale 0I, the following rule willl determine when the angle is to
be resd on the ST scale and when on seale T (black):

8et the left slide index to ™x™ on scale Th. If "8" on
sonle T (black) 1s to the left of the right body index, "a ™ ias
lege than 5.75* and should be read on scale 37T. If it is to the
right, tl;en "g " is larger than 5.75® and should be read on socale
T (blaok).

Thus for cosh (0.4 + jl2¢), the angle "ga ™ is on the 3T
scale, while for cosh (0.4 + jJB5°) for example, the angle "a " is
on scale T (black)., The rule for evaluating the value of the
angle "a ™ is the same as for Case l.
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Example 13;:
Evaluate cosh (0.282 + j9=).

i To find the angle ™a ":
Sat laft alide index to 0.282 on acale Th.
Note that @ = 9 on secale T (bleck) 18 to the left of the right
body index. The angle *"a ™ 1s therefore on scale 8T. To de=
termine its wvalue:
Opposite left body index set 8 = ©° on moale T (black).
At x = 0,.EB82 on scele Th, read @ = 2.5* on acale 5T.

To find the walue of "B"™:
To x = 0,8R2 on 8cale Shl, aat a = 2.5° on scale 8T.
Opposlite 8 = 9¢ on scale 8 (black), resd B = 1,025
on seals D,

The decimal poirt wae loceted from the fmot that "B"™ must be

larger than cos 9=,

]
; Hence coeh (0,282 + j9¢) = 1,028/8.8e,

Example 14:
Eveluste cosh (0,178 + jJlB.6¢),

To find the angle "a ™:
To 0.178 on scale Th, sat left slide index.

The angle & = 16.5® on T (black)is to the laft of the body index,

and "a " 1s therefore on socale ST, To obtain its welue:
Oppoeite left body Iindex set @ = 16.5* on scale T (black).
At 0,178 on scale Th, read a = 2.99* on scala ST,

To find the value of "B":

To 0.178 on scale Shl, set @ = £,99¢ on scele 8T,
Kote thet 8 = 16.%° on scale 8 fhlnuk}. is beyond mcele D.
Reset lndex and

Opposite & = 16,5 on acale 5 (black),

read B = 0.974 on secale D,

Hence cosh (0,178 + 18,6¢) = 0,974/2,9%°,

Example 15:
Evaluate cosh (0.41 + J21=).

To £ind the value of the angle "a ":
To x = 0,41 on scale Th, set left slide lndex.
Note that the angle & = £l° on seale T black, ia to the right of
the btody index. The angle "a " is therefore on acale T (black),
To obtein its value:
Opposite body index set 8 = 21¢ on secale T (black).
At ¥ = 0,41 on scele Th, read ¢ = 8.4% on scsle T (bleck]).
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To cobtain the value of "B™:

To ¥ = 0.41 on scale Shl, set 8.48° on scale S5 (bleck).
Hote thet 8 = 21° on scule S black is beyond scale D.

Exchange indexes, and opposite 8 = 2l° on sesle 5 (black),

read B = 1.024 on acale D.

Hence comsh (0.41 + j81°) = 1.024/8.48e,

QASE 3., 8 ) 45°; o & 454,

Referring to equation (14), it ie seen that since
tanh x ¢ 1.0 and cot @ ¢ 1.0 the angle g may be larger or small-
ar than 45¢, and thus lie elther on scele T (hlack) or T (red).
¥hen tenh x = cot 8, the angle a = 45¢, Hence,when tanh x ¢
oot B8, the engle a ( 45° should be read on scale T (black),and
{whan}t.anh x ) cot 8, the angle a ) 45° should be read on scala T
red.

Since scale D from right to left glves cot @ in con-
junction with scale T (red), and alsc gives values of tanh x
from left to right in conjJunction with scele Th, we may ascer-
tein whether "a " 18 larger or smaller than 45¢ as follows:

Match slide and body; and if ™@" on scele T (red) is
then to the right of "x"™ on scale Th, the angle "a@ "™ ghould be
read on socsla T (blaeck). If, on the other hand, "8" 18 to
the laft of "x", then a ) 45° and should be reed on scals T
(red). Thus for cosh (0.4 + j65°), the angle a { 45 is on
scale T (blaeck), and for cosh (0.4 + )75}, for example, the
angle a ) 45° and should be read on scales T (red).

Another way of ascerteining this is to set "8" on
goale T (red) to "x™ on scale Th. Then 1f the slide projecte
to the left, the angle a ¢ 45°; and if the slide projects to
the right, the engle a ) 459,

To obtain the angle "g ™ when "8" 1s to the left of ™x":

Match slide end body, and set indicator over "€" on
geale T (red).

Move right slide index under indleator.

Opposite "x" on scele Th, read "a " on scale T (black).

If the apgls "8" is to the left of "x™ on scale Th:
Set "8™ on scale T (red) opposite "x™ on scale Th.
Opposite body index read angle "a ™ on scale T (red).
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Exsmple 16:
Eveluate oosh (0.185 + j56.5¢).

Slnee ™8™ ia to the right of ™x", the angle a { 45=,
Mateh slide and body, and set iIndlcator over @ = 56.5e
on acale T (red).
Meve right slide index to indicator, and cpposits
x = 0,186 on scale Th,
read a = 15,.45° on scale T (black).

To obtaln the walue of "B™: :
To x = 0,185 on scale Shl pet a = 15.45%on scale 5 (black).
Oppeaite 8 = 58,5° on scele 8 (black),
read B = 0,582 on scale D.

Hence cosh (0.185 + j56.5¢) = 0.582/15,45e,

Example 17:
Evaluate cosh (0,831 + Jé8,8e),

8ince ™8™ 1a tc the right of "x", the angle a ( 459,
Metch slide and body, and set indicator over @ = 68,8
on scale T (red).
Move ripght slide index to indieator, and cpposite
x = 0.231 on scale Th,
read a = 30.1® on ﬂoaln T (bleck).

Te find the valus of "B":
To x = 0,231 on scele Shl set a = 30.1* on scale § (black).
Opposite & = @8.6° on soale 3 (bleck)
read B = 0.433 on scale D.

Hence cosh (0.231 + j68.6°) = 0.433/30.1=,
Example 18:
Evaluate cosh (0,282 + j78.5e),
S8ince "8" on T (red) ia to the left of ™x™ on scale Th, the
angle a ) 45%,
To x = 0,282 on scale Th, set § = 78,5* on scale T (red).
Opposite body index read @ = 53.5* on scale T (red).
To obtain the walue of "B™:
To x = 0,282 on scale Shl, set @ = 53.5° on scale 5 (black).
Oppeoite 8 = 78,5* on seale 3 (bleck)
read 0.348 cn scale D.

Hence cosh (0,282 + j78.5¢) = 0,348/53,.5e,

Check the following: cosh (1.05 + j72¢) = 1.291/67.42°,
cosh (0.25 + j36°) = 0,848/10,08°,
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ILLUSTRATIVE AFFLICATION

Oaleulate the open circuit receiving-end voltage of &
No. 10 A.W.G. line, whose length § = 50 miles whose character-
l1stic impedence st BO0 cyclea frequency ZB = 723/-11,1* vector
ohms, and whose propagation constant p = 0.0892 8% under the
assumption thet the impressed difference of potentlal at the send-
ing end is Vg = 100 volts.

The expreasion by means of which this may be calcu-

.
cosh p8

lated ia:

sutatituting in the sbhove expression, we get

100/0°
¥V = Sosh (50 x 0.0282/71.8%)

cosh {50 x 0.0292/71.8°) is found as follows:

To 298 on D set 50 on CI.
At 71.8* on 3 (red) read 0.456 on D.

[ Exchearnge indexes:
At 71.8 on 8 (bleck) read 1.385 on D.
Hence: cosh (50 x 0.0892/71.8=) = cosh (0.456 « J1.385).

Tow on DF set 180 on CF.
At 1.385 radiens on DF read 79.4° on CF.

cosh (50 x 0.0292/71.82) = cosh (0,458 + J79.4¢).
8@ = 79.4° 18 greater than 45,

To 0.456 on Th set 79.4° on T (red).
8lnee the slide protrudes to the right @ is greater than 45¢ and
should be read on acale T (red).

At right index of body read & = 86.3° on T (red).

To 0.456 on 3hl set 66.3° on 8 (black).

At 79.4° on S (black) read 0,5085 on D.

cosh (50 x 0.0292/71.8¢) = 0,5065/686.3%.

Set right index of O to 0.5085 on D.
At left index of D read 197.5 on C.

Hence : ¥ = 197.5/-88,.3° vector volts legging the sending end
voltage in & phase by 86,3,



~Bh-

{C) CALCULATICN OF THE VECTOR VALUE OF tanh (x + j@).

ainh (x + 16

Slace tach (x + j6) = cosh (x + JO (18)
It follows from the discussion given in sections (4) and (B)
that the hyperbolic tengent of & complex number is e wector
guantity of the form
tanh (x + j8) = D/3. (17}
where by equetion (10) &
A A
Uﬁ-ﬂr = § [Ba. (18}
From the above 1t follows that the vector value of the
tanh functicn of & complex number must be obtalned by evalust-
ing the ainh and the cosh functions of thes same complex num-
bera ag outlined in the preceding two seetlons, and taking the
retioc of the vector walue of the sinmh to the vector value of
the coeh funections.
ILLUSTRATIVE AFFLICATION .

Caleulate the asnding-end impedance of an open sirouit-
ed No. 10 A.W.G. line, whose length 8 = 50 mlles, whose charac-
teristic Impedance = 785/-11.1* and whose prupagntlon con=
stent 1le p = 0,0283/¥1,.8°,

The wvalue of the sending-end impedance 18 given by the

expression
Z
Zs * Tanh 9

tanh pS = tanh (50 x 0.0292/71.8%,)

To 0.0292 on D set 50 on OI.

At 71.8° on 8 (red) reaed 0.458 on D.
Exchange indexea:

At 71.8° on 8 (black) read 1.385 on D.

Henoe 50 x 0.0292/71.8° = 0.456 + J1,385 radians,

To w oa DF sat 180 on CF.
At 1.385 pediaons on DF read 79.4° on CF.
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50 x 0.0292/71.82 = 0.456 + j79.4e,

tanh (0.456 + §79.4e) - 2inh (0.456 + J70.4e

cosh (0,456 + J79.4°)

8 = 79,4* ig greater than 45e.
To left body index set 79.4° on T (red).
At 0.456 on Th read B = (90¢ - 4.58¢) or A5,.42° on
scele 3T.

To 0.456 on scale Jhl set B5.48° or 4,58° on scale 8T.
At 79.4° on 9 (red) read A = 1,085 on acale D.

sinh (0.456 + J79.4%) = 1.087/85.48¢,
8 = 79,4 18 greater then 45e,
Metoch slide and body, 8 = 79.4° is to the left of
x = 0,456 on sgala Th. a 18 therefore greater
than 45* end should be read on scale T (red).

To 0.4%8 on scale Th set 8 = 79.4° on socale T (red),.
Opposite body index reed @ = 66.3° on scale T (red).

To x = 0,456 on scale 3Shl set @ = 66.3° on scele 8 (black)
At @ = 79,4 on soale 8 (blaeck) read B = 0.5065 on scale D.

Hence: cosh (0.456 + J79.4°) = 0.5065/86,.3¢,
l.Dﬁ?fﬂﬁ.ézi
0.5065/66, 3¢

To 1.087 on D aet 0.5085 on 0.
At right index of 0 read 2.145 on D.

tanh (0.450 + J79.4¢) = 2.,145/19,1820,
Subatituting in the expression for sending-end impedsnce, we get
: 723/-11,1¢°
S 2.145/19.12%

To Y23 on D set 2.145 on C.
At left index of ¢ reed 237 on D.

Hence: EB = 357/-30.28%

and tanh (0,456 + j79.4°) =
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v
INVERSE HYFERBOLIC FUNCTIONS OF COMPLEX NULRRERS

(A) SLIDE RULE CALCULATION OF einh~! (a/8).

To saleulete the complex number (x + J®) when the hy-
perbolic sine of this complex pumber ias given, it 1s necessary
that the veotor value of the function be first aplit up into ita
components by the method outlined in scetion I (B). We thus.get

sinh (x + J8) = Acos B + JAEing =a + Jb (18}
whera "x" and "8"™ are the ouantities to bte celoulsted.

The angle "8" of the complex function may be csloulat-
od from the expresslion

gin 8 =

VaEt + (1 +bJEe -VeE + (I - BIE M-
2 ‘—T'E (B0)

end the walue of "x" from

a
sinh x = o8 § {21)

To apply slide rule methods for caloulating the abova
quantities; notp thet the numerator of equetion (20) ia the differ-
ence between the aquare roots of the sur of two squares, Each of
the two radieals M end N may, therefore, be thought of as being
the hypothenuse of a right iriangle whose sldes are "a" and (1 + b)
for the first, and "a™ and (1 - b) for the second, Tholr val-
ues mey therefore be obteined by the methods outlined in Bection I
(A}, It muast be kept in mind, however, that these quantitles are
soalar quantities, and, aa a sonsequence, the angle which enters in-
to the ecaleulstion of these quantities is not associated with them,

The slide rule method for caleulating the valus of "x%
15 based on equation (21) and is selfl explanatory.

Examrple 19
Given sinh (x + J8) = 1.735/34.5° caleculate the
function.

By equation (19) we get - sinh (x + J8) = a + b

To 1.735 on DF set right index of slide.
At 34,50 on 3 (red) read 1.43 on DF.
At 34.5° on 3 (black) read 0.985 on DPF.

sinh (x + §8) = 1.43 + j0,.9835.



By equation (20) we get
M =|/A1.43)% + (1.983)°

S8et slide index on 1.983 on scale D.

IDT' 1?ninntor to 1.43 scale D and read 54,.2¢ on scale
T (red).

With 54.2° on acale 8 (red) under indicater,

read £.445 opposite slide index on scale D.

Hence M= 2,445

In & similar manner we determine

N = J11.43)% + (0.017)% = 1.45

Hence by (20) we have:
sin @ = % = 0.5075

and
8 = 30.5¢ = 0,532 radians

m =1 a -
To obtain sinh (naa B} x by equation (21)

To m = 1.43 on rcale D set @ = 30.5¢ on scale 3 (red)
At slide index reed x = 1.28 on scale ShE.

Hence X+ Jo=1.28 + ]30.5°
To + on DF set 180 on CF.
At 30.5 on C read 0.522 radiens on D.

Hence x + J8 = 1.28 + J0.532 radians.

M5 1.28 on D set left index of slide.
At 0.532 on D read 22.57° on T (black].
To 0,532 on D set 22.57° on 8 (black).
At index of slide read 1.386 on D.

and

sinh=1 (1.735/24.5°) = 1.386/22.57¢.
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Example 20:
Celeulate (x + J8) for sinh-1 (1.15/72.557).

All caloulatione performed by slide rule:-
AJB = 1.15/72.53* = 0.345 + J1.097,
M =]A0.345)2 + (2.007)% = 2,125
N =]/10.345)2 + (0.097)% = 0.358

£2.185 ;' 0.358 _ 5. pass

gin & =

a = f2.1* = 1.084 radiens

xX = uinh'l{-;‘%——f:'—%%ﬁl = (0,883

Henoe X+ J8 = 0.8683 + J82.1°.
= 0.683 + J1.084 = 1.281/57.8e°,
or sinh-1 (1.15/72.53¢) = 1.281/57,8¢,

(B) SLIDE RULE METHOD FOR CALCULATING cosh-l (Bj/a).

To ealeulste the complex number (x + JO) when cosh
(x + j8) = B‘l is known, it 18 necessary to obtain firat the
components o B e = ¢ + Jd in the nsua)l manner as sxplained
in seotlen I (B). The angle "8" may then be calculated by
the expression

cuaﬂ-mg* I1+u]£;1/d3+{1-uf£_?;g

where "P" and "Q" are respectively equal to the two radloals.

The volue of ™x" may be cealeulsted from the equation

d
ainh x ~in 5

Bguations (22) and (22) are respeotively asimilar to

(22}

(23)

(20) mmnd IElT employed in the caleulation of the inverse hyper-
bolie sine of a complex number. The methods of elide rule cal-
culation of ™8" and "x" are, therefore, identical with those imn

the preceding case,
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Example 21;
Given cosh (x + J8) = 0.582/15.489, calculate x + J6,
All operastlioms by allde rule:
0.582/15.42° = 0,561 + J0.154F = ¢ + Jd.

p = |A0.1548)2 + (1.561)% = 1.569

q = A0.1848)% + (0.429)2 = 0.4655

P—;‘ = 0.5517

8= eos-l 0,5517 = 56.5¢ = 0,986 radians
By eauation (23] we get
1548

¥ = sinh-1 I: ;-:'—-—-——

T sl

Hence x + J8 = 0,1845 + J56,5%.
= 0.1845 + J0.986 = 1.003/79.4%,
or cosh-1 (0.582/15,48°) = 1.003/78.4¢,

(¢) SLIDE RULE CALCUL.TION OF x + jé = tanh~l (D/8 ).

To caleulate x 4+ j8@ corresponding to the inversa hy-
perbolic tangent, the vector value of D/ of the tanh function
must be expressed in complex form:

D/ =D ocad + JDsind =m + Jn. (24)

The value of *x" may then be calculated from the relation

2m
tanh 2x = m {25]

and the value of "8" from

tan 28 = l—ﬁz (28]
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Bxemple 22:

Given tanh (x + J8) = 0.875/84® calculate (x + J8)

By (24) we have
0.875/84° = 0.799 + JO.358.

i = £ x 0,799 s
2x tanh ( i—:—TEfEEETE} 1.5.

Hence x = (.75,

By (25) we get

Br (28] we gat 2 x 0.356

20 = van”! | ;2522000 ) - 173,

Hence 8 = 35,862 = 0,686 radiasns,
The functicn ia therefore,
X + J8 =0,75 + j35.88°,
= 0.75 + JO.626 = 0,977/39,850,

or " tanh~! (0.875/24°) = 0.977/89.854,

ILLUSTRATIVE AFPLICATIONS

FROBLEM 1. The series impedance 2, of e section of m symmetri-
= calll network of an artificial line is 532/64.7s
vector ohms &t & frequency of BOO cyeles per second. a
section is known to simulate 3 = 28.2 miles of a uniform line
whose cheracteristic impedence at the same frequency is

25 = 723/-11.1° vector ohma. Caleulate the attenuation con-
stant (a), the phase constant (8), and the propagation con-
atant (p) of the line.
The reletionship between the given quantities is
Z) = 24 sinh (p8)
From the above relation we have
5525&4.?‘
ginh {ps'} = RS "‘-ll-o-l‘
To 532 on D set 723 on C.
At index of C read 0.736 on D.
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Oonsequently

sinh (p8) = 0.736/75.8¢.

Sclving by equation (19)

Hence

whers

By equatlion

To 0,726 on D set right index of slide.
At 75.8° on 8 (black) read 0.713 on scale D.
At 75.8°* on 8 (red) read 0.1805 on scale D.

sinh (a3 + JBS) = 0,1805 + JO.713

a = attenuatlion constant, and
B = phase constant.
(20)

u =0.1805)2 + (1.713)2
N =]/10.1805)8 + (0.287)2

To 1.713 on scale D, set left index of =slide.
At 0.1805 on D read B3,985° on scale T (red).
To 0.1805 on D, set B3,985° on 3 (red).

At left irdex of slide read M = 1,723 on D.

To 0.287 on D set right index of slide.

At 0.1805 on D read 57.81° on T (red).

To 0.1805 on D,set 57.81° on 8 (red).

At right index of slide read N = 0.339 on D.

E_-_E - 1,783 - 0,359 = 0,892
—‘—'—2 .

& =88 =sin"! 0,692 = 43.8¢

Set indlcator to 0.692 on C.
Under indicator read 43.8° on 8 (black).

To » on DF set 180 on CF.
At 43.8 on CF read 0.784 radiasns on DF.

B3 = 0.764 radians

_ 0,764
B £26.28

To 0.764 on D set 28.2 on C.
At left index of slide read 0,0271 on D.

The phase constant is -

B = 0.0271 radians per mile,
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Br aquation (21) we epimilerly zet

.0 Sm-l{mu 4:..&:-)

To 0.1805 on D set 43.8¢ on 8 (red).
At right index of slide read 0,2477 on scale ghl,

x = 00,2477

The attenuation constant ia therafore

a = _U;;-i_;? = 0,00878 hyperbolic radiens per mile,
-

The propagation constant is

p=a+ J8=0,00878 + JO.0E71,

To 0.02871 on D set left index of alide.
At 0.00878 on D read 72.05° on T (red).
Te 0,00878 orn D, set 78.06° on 8 (red).
At index of slide read 0.0PBS on D,

p = 0,0885/78,06°,

FROBLEM 2, The impedance Z; of the series branch of e aymmetri-
oal T ﬂfrunturﬂ is 450/50* wvector chms and the im-
pedance of the shunt branch is Zp = =30* vegtor chma at 1000

cyclea per second frequency. Calculate € propagation constent
(p) of the T network.

The relaticn between the glven quantities and the pro-
pagation conatant p of the cirouit is

z
noahp-l+-—l
Zg

Hence 450i5u.

529/-90e

To 450 on acale D set 529 on scale O.
At index of slide read 0.851 om D.

ooch p = 1 + 0.851/140=,
= 1 - 0.851/=-40°,

cogh p=1 +



To 0.851 on D sat right index of alide.
At 40° on S (blaeck) reed 0,546,
At 40° on 8 (red) resd 0.851.
1l - 0,861 = 0,349
cosh p = 0,349 + JO.546
By equetion (228) we have
P JA0.548)% + (1.249)% = 1,455

Q 40.546)2 + (0.651)% = 0.850

P—‘;ﬁl = 0,3025

By equation (22) we also get
& = cos~l (0.3025)
To 0.3025 on C set indiecator.
At indicator read 7£.4° on 8 (red).
To » on DF set 180 on CF.
At 72.4 on QF read 1.264 radiesns on DF.
8@ = 1,264 radiens

By equation (23) we have

x = simn-1 (0546 )

gin 72.49

To 0.548 on D set 72.4° on 5 (black).
At right lndex of slide read 0.5455 on scale Shl.

Hence, the propagation constant is

Pe=x+ JO=0,555+ jJl.2R4.

To 1.264 on D set left index of slide.
At 0.5455 on D rend 56.65° on T (red).
Move 66.65° on 8 (red) to indicator.

At left index of slide read 1.3768 on D.

Hence : p= 1.5?&{&6.55*.



PROBELEM 3. The measured wvalue of the sending-end impedance Zg
of a symmetrical T circuit at 1000 cyeles per

second frequency is 1uvaE-vu .B* vector chms. The image im-
pedance I, of the same circu is 725/-11,1" vector chms.

Calculate the propagation constant (p] o e olrcult.

The relation between the given guantities and the
propagation constant is
T "o

z
8  tenh p

For the glven dete we have

E_ e
t“nhp-z'ﬂn'?%u
Zg 1678/-70.8¢

To 783 on D set 1678 on C.
At left index of C read 0.431 on D.

tanh p = 0.431/59.%=.
To 0.431 on D set right index of slide.

At 59.7° on 8 (black) read 0.372 on D.
At 59.7¢ on 8 (red) read 0.2175 on D.

tank p = 0,28195 + JO.37E
By eguation (25) we get

2 x 0.2175 ]

1 =1
x = = tanh
2 (1 + (0,431)2

Indicator to 0.431 on D.

At indicator read 0.188 on A.

To 2 on D set 1.186 on 0.

At 0.2175 on O read 2x= 0.385 on scale Th.

x = 0,1985

Similarly by equation (26) we get

o -} oK)
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To 2 on DF aset 0,814 on CF.

Move indicator to 0.372 on C.

Match =lide and body.

At indicator read 2 8 = 42.4° on T (black).
@ = 21,20 = 0,370 radians

Hence, the propegation constant of the eircult is
P=x 4+ jJO.
= 0,19285 + jJO.370.

To 0.370 on D set right index of slide.
At 0.1925 on D read 82,5° on T (red).
To 00,1925 on D set 62.5° on S (red).

At rlght index of slide read 0.417 on D.

p = 0.417/62.5°.
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